A fractal-skeletal based channel network (F-SCN) model is proposed. Four regular sided initiator-basins are transformed as second order fractal basins by following a specific generating mechanism with non-random rule. The morphological skeletons, hereafter referred to as channel networks, are extracted from these fractal basins. The morphometric and fractal relationships of these F-SCNs are shown. The fractal dimensions of these fractal basins, channel networks, and main channel lengths (computed through box counting method) are compared with those of estimated length-area measures. Certain morphometric order ratios to show fractal relations are also highlighted.
INTRODUCTION
The stream network is an example of a structure having multiple complexity. Accurate morphological description of such a complex structure using mathematical models is difficult. Mandelbrot (1982) was the first to present stream network, which possesses statistical self-similarity, as a fractal. In the stream network, the high degree of geometrical organization conveys several orders of magnitude in size from the trunk stream to minor twigs. The number of branching orders varies depending on the physiographic set-up ofthe stream basin. Within the basins, the pattern of stream network is geologically determined which reveals the potential applications of fractals to develop algorithms for modelling drainage morphogenesis.
The aim of this study is twofold.
To establish that the generated fractal-skeletal based channel networks (F-SCNs) with a center as an outlet (glory hole), follow morphometric and fractal relations that are established/proposed in the context of river networks, and to show that F-SCNs follow Horton's laws of river networks.
Corresponding author. Fax: 091-0891-555547. To find out the converging points of fractal dimensions of the fractal basins and their corresponding channel networks.
The scheme of this paper is to first present the Horton's laws, and various fractal relations proposed with various river network models. The second section discusses the F-SCN model. Certain mathematical morphological transformations that are needed to implement the skeletonization concept to extract channel network from the generated fractal basin is presented. In the third section, fractal relations of F-SCNs thus generated were verified to test the plausibility of the model to ensure that the model produced a network with properties that are of Hortonian system.
Structure of the Network Model
To characterise the channel network, the morphometric procedures proposed by Horton (1945) and Strahler (1957) are employed. The Strahler's ordering technique was adopted to designate the orders of channel network to compute certain important dimensionless ratios like bifurcation ratio (RB), channel length ratio (Re), and area ratio (RA).
Strahler's Stream Ordering
The order of the stream ranges from to n. All finger tips are designated as first order streams.
Two first order segments unite to form a second order branch. A third order is formed by joining two second order segments, but may be joined by additional first or second order segments. Two third order segments join to form a fourth order segment, and so on. The source streams of order and when two streams of order and j, respectively merge, a stream of order co is formed, with co-max{i,j, Int[1 + (1/2)(i +j)]}, 
Hortonian River Networks
In the geomorphological analysis of river networks, scaling properties were defined by Horton's laws (Smart, 1972 ), Strahler's ordering (e.g. Smart, 1972; Shreve, 1967) yield the bifurcation stream number law.
Bifurcation ratio (RB) is the ratio of the number of channel segments of a given order N(co, ) to the number of streams to the next highest order, U(co 1, ) (2) N(co-1,) N(co, ) =RB, co-2,...,. (Horton, 1945) , and stream areas (Schumm, 1956) 
where A() and L() be the finite measures of the basin area and are of total channel network (i.e., scale dependent).
Channel frequency." Channel frequency, F, was calculated by Eq. (6) proposed by Strahler (1957) :
Melton's law: The Melton's law (Smart, 1972 ) (7) relates the channel frequency (6) (Sagar, 1996) (8) suggests that the main steam length of a river can be described as a fractal with a dimensionality, d (9) given by Mandelbrot (1982) : d= 2c. (9) The area and total stream length appear to be related by (10) , L A , (10) where L denotes the total length of streams in the basin of area A./3 is a fitted exponent.
Fractal Measures based on Morphometric
Order Ratios La Rosso (1987, 1989) (12) where d= fractal dimension of the main stream length. Feder (1988) 4 can have no hydrological relevance to a Horton system because it implies an area that tends to infinity as the order tends to infinity. However, it is true that any river basin with finite area as the resolution is refined, though the total length may diverge.
FRACTAL-SKELETAL BASED CHANNEL NETWORK (F-SCN) MODEL
The stream network is the pattern of stream branches that is determined by inequalities of outline of the basin. The wrinkles in the basin outline may be visualised as topographic undulations. These undulations are treated as the crenulations in the elevation contours which are the flow MORPHOMETRIC RELATIONS 81 paths of streams. It implies that the number of crenulations on the top most contour in the catchment is equal to number of first orders. After flowing to a certain distance, the two first orders join together to form second order of which the flow path is another crenulation, larger than that of the previous order crenulation of the contour. The stream network, between trunk stream and twigs, exhibits self-similarity and asymmetry. The two tributary branches arising at a stream segment bifurcation often differs in width, length and angle, leading to a highly heterogeneous structure. The tools involved to generate F-SCNs are generating mechanism, which includes the deterministic quantities, like bifurcation ratio, stream length ratio, angle of divergence, the concept of skeletonization, and the rule (random or non-random). This model includes the following two sequential steps:
Step 1. Fractal basin generation;
Step 2. Channel network extraction from the fractal basin.
Fractal Basin Generation
To generate fractal basins with a fractal dimensions range from to 2 in 2-dimensional space, one begins with two shapes, (1) broad outline of the basin as polygon, an initiator-basin, and (2) a generator. The latter is an oriented broken line made up of N equal sides of length r which can be designed at will (Mandelbrot, 1982) . Each stage of the construction begins with a broken line and consists in replacing each straight interval with a copy of the generator, reduced and displaced to have the same end points as those of the interval being replaced. In all cases, D log N/log 1/r.
Step 0 is to draw the segment of length (0, 1), which is one side length in the initiator-basin.
Step is to draw either of the kinked curves ( Fig. 1) , each made up of N intervals superposable upon the segment (1/4, 1/3, 1/3 for the generator shown in Fig. 1 ).
Step 2 is to replace each of the N segments used in step by a kinked curve obtained by reducing the curve of step in the ratio r(N)= 1/r. To implement the second step, certain mathematical morphological transformations (Serra, 1982) were employed. These transformations were used to implement the concept of skeletonization proposed by Lantuejoul (1980 2(a)) viewed as a subset of R 2 (Euclidean space), is defined as the set of the centers of the maximal disks inscribable inside the basin (Fig. 2(b) ). Figure  2 (c) is the extracted channel network that can be arrived at through the procedure described in Eqs. (17) and (18) . The (Euclidean space), is defined mathematically as 
FRACTAL BASINS WITH CENTER AS OUTLET, "GLORY HOLE"
The case study is shown by considering four regular sided initiator-basins, ranging from pentagon to octagon, and a generator (Fig. 3) . Considering this generating rule, four initiator-basins were transformed as fractal basins in closed form with the center as outlet ('glory hole'). The channel networks of the fractal basins thus extracted by the procedure detailed in F-SCN model are shown in Figs. 4(a)-(d) . These are referred to as five sided to eight sided channel networks as they are extracted from the fractal basins that are generated by considering initiator-basins in the form of regular sided polygons. Since, the considered generator (Fig. 3) is such that it transforms the initiatorbasin, with non-random rule, the following equations hold good as long as the generator, rule, and the regular sided polygons (Q > 4 < ec, Q being the (Table II) . The circularity ratio (Rc) for the considered initiators were computed as 0.8691, 0.9114, 0.937, and 0.953 respectively. It was observed that, with increasing circularity ratio, the ratio of logarithms of bifurcation ratio, and length ratio decreases, while with increasing circularity ratios, the length ratio increases. No variation was observed in the bifurcation ratio, with the variation in the fractal basin. This is due to the fact that the generating mechanism and rule are the same to transform all the considered initiatorbasins.
The scaling properties of the network as a whole is viewed as the product of the structural composition of the network system and the effect of small irregularities reflected by d. Just as in the case of computing the fractal dimension of a river network which depends on its RB and RL, the fractal dimension of F-SCNs was computed using the three morphometric order ratios, and length-area measures (Table III) . Considering these basic morphometric order ratios, several conclusions in relation to other fractal dimensions of fractal basin channel network, and main channel length, computed through box counting method (Feder, 1988) , were drawn. The following relationships among morphometric order ratios (Table IV) , fractal dimension of basin (Table V) , length-area measures (Table III) (Tables III and IV) . The fractal dimensions computed using morphometric parameters were found valid and they are related to the fractal dimensions computed by box counting method.
Order (v) FIGURE 5 Graphs between (A) order no. versus log(number of skeleton branches) and (B) order no. versus log(mean length The number-length statistics for these channel networks are shown in Log. Number of skeletal branches Log. Number of skeletal branches FIGURE 6 Graph showing between log(no, of skeletons) versus log(average length). (Table IV) . These values closely tally with the fractal dimensions computed (Fig. 7) between the mean and the total channel lengths. It is apparent that while the overall channel length decreased upto third order, little variations were observed in these plots (Fig. 7) between the third and the forth orders. It was observed that the variation between the 3rd and 4th orders is due to the overall structural composition. (Table III) . As in the case of river length (Mandelbrot, 1982) , the main channel lengths of these F-SCNs were also viewed as a fractal with dimension 2c. By using four possibilities, it has been found that the fractal dimension for length measurement vary from 1.13 to 1.18 (Table III) The fractal measures D1, D2, D3, and D6, computed through the derivations given in Eqs. (11)- (13) and (19) , were directly proportional to each other:
where p, q, and r are constants.
The following is an Eq. (22) (23) According to the above expressions for the F-SCNs generated from a regular sided initiator-basin, with infinite number of sides, very close to a circle, the fractal dimensions of the fractal basin, and its corresponding channel network converge to the values 1.92 and 1.77 respectively. Interestingly, the latter value i.e., 1.77, is the fractal dimension proposed for diffusion limited aggregate.
CONCLUSIONS
Fractal-skeletal based channel network model (F-SCN) was generated by considering two deterministic quantities in this paper. They are initiatorbasins and a generating mechanism. Moreover, the initiator-basins considered in this study were regular, bounded, and symmetric. The generating mechanism was considered such that it preserved the area of the watershed (fractal basin) under the succession of changes. The rule followed to transform the initiator-basin into fractal basin was of non-random type. As a result of this, and because the characteristics of considered initiator basins are of ideal type, the study is a deterministic one. This model emphasised to describe how the boundary of the basin forces the channel network development. This model also generates channel pattern similar to the realistic networks. The statistical features of this model agreed well with the actual networks. The F-SCNs yielded an almost perfect match with well-known empirical geomorphological results and explain the most important structural characteristics observed in the geomorphology of channel networks.
It was inferred that with the variations either in the initiator-basin or in the generating mechanism, the relationship between the fractal dimensions and the order ratios hold differently from each other. In this investigation, the variation was shown as increment in the number of sides of the regular sided initiator-basin ranging from pentagon to octagon. This It was an attempt to study the potential application of the blend of fractal geometry and mathematical morphology to develop algorithms for modelling the drainage morphogenisis. The utility of this approach explores the developmental and the morphometric hypothesis with varying boundary conditions of initiator basins, and the specifications of the generating mechanism. The results of these simulations may improve our understanding of known developmental alterations.
